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We consider an electrolyte solution confined by infinitesimally thin semipermeable membranes in
contact with a salt-free solvent. Membranes are uncharged, but since small counter-ions leak-out into
infinite salt-free reservoirs, we observe a distance-dependent membrane potential, which generates a
repulsive electrostatic disjoining pressure. We obtain the distribution of the potential and of ions, and
derive explicit formulas for the disjoining pressure, which are validated by computer simulations.
We predict a strong short-range power-law repulsion, and a weaker long-range exponential decay.
Our results also demonstrate that an interaction between membranes does strongly depend on the
screening lengths, valency of an electrolyte solution, and an inter-membrane film thickness. Finally,
our analysis can be directly extended to the study of more complex situations and some biological
problems. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4892758]

I. INTRODUCTION

Ion or Donnan equilibria which exist in the presence
of semipermeable membranes, permeable to small ions and
solvent molecules, but not to large ions, have been studied
quantitatively during a century.1 Such equilibria are of con-
siderable importance for the theory of dialysis, as well as
for the mechanism of cells and general physiology. Semiper-
meable membranes for modern industrial applications nor-
mally represent a polymer or ceramic film (at least several
tens of micrometers thick) with the array of nanopores or
fibers.2, 3 However, there are many examples of a few nanome-
ter thin semipermeable membranes, where the pore diame-
ter is of the order of or larger than the membrane thickness.
These are synthetic liposomes with ion channels,4 stacked
graphene oxide nanosheets,5, 6 multilayer shells of polyelec-
trolyte microcapsules,7–10 or biological systems including vi-
ral capsids,11, 12 cell13, 14 and bacterial15–17 membranes. Since
it was discovered, theories for interpreting Donnan equilib-
ria mainly focussed on the case of a single infinitesimally
thin membrane,18–20 or a single vesicle/capsule.19, 21–24 How-
ever, ion equilibria can play a very important role in processes
involving two membranes, such as adhesion25 or long-range
electrostatic interactions between them.26, 27

The quantitative understanding of electrostatic interac-
tions of thin membranes is still challenging. Due to the
tremendous complexity of real biological and synthetic mem-
branes, the theory was restricted to very simple model mem-
branes and relied on a number of assumptions and simplifi-
cations. Some solutions of the Poisson-Boltzmann equation
(mean field theory) are known for charged bearing ioniz-
able groups immersed in the salt reservoirs.28 The origin of
a membrane charge is related to a dissociation of protons
into the aqueous solutions, so that the focus of Ref. 28 was
mainly on the role of the ionic strength and pH of the reser-

voir. The disjoining pressure was found to be repulsive with
the essentially exponential long-range decay. Later work as-
sumed that the membrane is uncharged, and separated by a
thin film of salt-free solvent from a charged wall29 or another
uncharged membrane.30 Results were not limited by calcula-
tions within the Poisson-Boltzmann theory, and also included
the Langevin dynamic simulations with explicit ions. The in-
teraction with a wall was found to be repulsive and exponen-
tially decaying.29 However, for two interacting membranes
the power-law decay of a repulsive disjoining pressure was
predicted in the large gap limit.30 In both cases, simulations
confirmed the validity of the mean-field approach for a mono-
valent salt reservoir. Recent integral equation study of interac-
tions of two vesicles immersed in an asymmetric electrolyte
suggested that only in a case of low valency ions, interactions
between vesicles are always repulsive. However, in large con-
centration solutions of trivalent co-ions charge correlation ef-
fects have been shown to result in short-range attractions be-
tween vesicles, so that only a long-range tail of interactions
remain repulsive.31

In this paper, we study the electrostatic interaction of thin
semipermeable membranes separated by aqueous electrolyte
solutions. In other words, we address the problem, which is
inverse to considered in recent work.30 Such a configuration
is relevant to interactions of large capsules/vesicles immersed
in a salt reservoir, which can affect the aggregation properties
of their suspension.27, 32 We also note the relevance of our ge-
ometry to the problem of the adhesion of flattened shells im-
mersed in water-electrolyte solutions.33 Our theoretical cal-
culations will be limited to solutions of Poisson-Boltzmann
equation (mean-field theory). To verify the theory we will use
Langevin dynamics simulations.

Our paper is organized as follows. Section II contains
a description of our model and methods, including our

0021-9606/2014/141(7)/074902/8/$30.00 © 2014 AIP Publishing LLC141, 074902-1
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Langevin dynamics simulation approach. After some general
considerations of two flat membranes separated by an elec-
trolyte solution and the formulation of the Poisson-Boltzmann
equations, we present solutions for a distribution of a poten-
tial in the system within a nonlinear approach, and provide the
Langevin dynamics simulations for results which could po-
tentially go beyond the continuum approach (Sec. III). Then,
in Sec. IV we consider the osmotic pressure in the system, and
relate it to a disjoining pressure in the gap. Some concluding
remarks are presented in Sec. V. The Appendix describes a
linearized theory.

II. MODEL AND METHODS

We consider two flat semipermeable membranes sepa-
rated by a film of an electrolyte (salt) solution of a thickness h
as displayed in Fig. 1. We restrict ourselves to a simplest case
of uncharged membranes, which are treated in the continuum
limit as a rigid infinitesimally thin interfaces. We will focus
only on the long-range electrostatic properties of the system
and do not consider van-der-Waals interactions, which obvi-
ously vanish in the limit of infinitesimally thin membrane.
Let us recall that van-der-Waals forces in systems with finite
membrane thickness have been studied before.34 By apply-
ing this earlier analysis for a situation when the membrane
thickness d � h, we can evaluate the van-der-Waals disjoin-
ing pressure, � � −2Ad2/πh5 ∝ h−5 (here, A is the Hamaker
constant), and conclude that it is of very short-range and much
smaller values than expected for an electrostatic pressure.

The inner, i.e., confined between membranes (|x| < h/2),
solution contains large cations (or co-ions) of a charge Z and
small anion (or counter-ions) of a charge z. This thin film is in
a contact with a bulk reservoir of an electrolyte solution with

FIG. 1. Schematic illustration of the problem. An aqueous electrolyte solu-
tion is confined between two neutral semipermeable membranes, which are
in contact with a salt-free solvent. Small ions leak-out to a salt-free reservoir,
by giving rise to a surface potential and a repulsive disjoining pressure.

concentrations of large ions, C0, and of small ions, c0, which
satisfy an electroneutrality condition, ze c0 + Ze C0 = 0. Here,
we should like to emphasize the key difference from the ear-
lier considered problem of a shell filled with an electrolyte so-
lution, where the number of large ions in the confined spher-
ical volume was fixed.21 Coming back to the formulation of
our model, we assume that cations cannot permeate through
membranes, while anions (due to entropy reasons) can leak-
out into outer (|x| > h/2) infinite reservoirs of a solvent. As
a result, we get a steric charge separation: an inner solution
becomes positively, and an outer solution negatively charged.
As any charged object it attracts a cloud of counter-ions of the
outer area forming an outer diffuse electric layer. Note that
since no electrolyte is added to the solvent, and the only ions
in the outer solution are the leaked-out counterions balancing
exactly the excess charge in the film.

The theoretical calculations will be limited to solutions
of the Poisson-Boltzmann equation (mean-field theory) and
its linearized version. In such a description, the finite size of
the ions and correlations are also ignored. The electric poten-
tials and concentrations of ions are described by continuous
variables (using the continuum hypothesis).

The thermodynamic equilibrium of ions in the inner and
outer regions with the bulk reservoir leads to the Boltzmann
distributions, with the reference concentrations (c0, C0) that
correspond to a bulk solution where the potential is equal to
zero

ci,o(x) = c0 exp[−ϕi,o(x)], (1)

Ci(x) = C0 exp[−Z̃ϕi(x)]. (2)

Here,

ϕi,o = zeφi,o

kBT
, (3)

are the dimensionless electrostatic potentials, the indices {i,
o} indicate inner and outer solutions, and Z̃ = Z/z (<0) the
valence ratio of large and small ions.

For results which could potentially go beyond the con-
tinuum approach, we employ the Langevin dynamics simula-
tions with explicit ions, by using the ESPResSo simulation
package.35 We follow the approach developed earlier,30 so
that we only recall now the basic ideas and parameters of the
model. A more detailed description of the basic steps of this
approach and some additional simulation details will be given
in Secs. III and IV.

Ions were implemented as Lennard-Jones spherical par-
ticles with a central charge. The charge of counter-ions was
always fixed as z = −1, but we varied the charge of large ions
from Z = 1 to 5. Repulsive inter-ionic Lennard-Jones poten-
tial was set with cut-off distance rc = 21/6σ

ULJ (r) =
{

4ε
[(σ

r

)12 − (σ
r

)6 + 1
4

]
, r ≤ rc;

0, r > rc,
(4)

where r is the distance between centers of two particles. The
energy parameter ε was fixed to be equal to kBT, and the par-
ticle size σ was equal to unity for all types of interactions.
The solvent was treated as a homogeneous medium with the
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Bjerrum length

�B = e2

4πεε0kBT
, (5)

which varied in the interval from 0.4σ to σ . For aqueous so-
lutions, �B = 0.7 nm, which implies that σ is of the order of
0.7 − 1.75 nm.

The interaction of ions with membranes was set by

ULJ (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4ε

[(σ
x

)12 − (σ
x

)6 −
(

σ
xc

)12
+

(
σ
xc

)6
]

,

x ≤ xc,

0, x > xc,

(6)

with the cut-off distance xc = 21/6σ .
The electrostatic interaction between ions was modeled

by the Coulomb potential implemented in 3D rectangular pe-
riodic cell (Lx, Ly, Lz), which should be large enough to pro-
vide a nearly vanishing concentration of small ions at large
x. It was computed by using the P3M algorithm36 with max-
imum relative accuracy of 10−5. In our simulations, we con-
fined in the gap from 1200 to 4000 ions to reach sufficient
statistical accuracy and to provide required concentrations.

III. POTENTIALS

We begin by studying a distribution of electrostatic po-
tentials in our system. Below we present theoretical analysis
and example calculations based on the continuous theory, as
well as the results of computer simulations.

A. Poisson-Boltzmann equations
and formal solutions

The nonlinear Poisson-Boltzmann equations (NLPB) for
the dimensionless electrostatic potentials take the form

∂2ϕi(x)

∂x2
= −κ2

o (e−ϕ
i − e−Z̃ϕ

i ), (7)

∂2ϕo(x)

∂x2
= −κ2

o e−ϕ
o , (8)

with an outer inverse screening length

κ2
o = 4π�Bz2c0. (9)

Due to electroneutrality of the system, an inner inverse
screening length is related to an outer one as

κ2
i = κ2

o (1 − Z̃). (10)

We remark and stress that Eq. (7) does not use earlier assump-
tion that counter-ions will leak out from the confined volume
completely.21 In contrast, it allows one counter-ions remain
inside the gap.

Equation (8) can be integrated once to give

1

2κ2
o

(
∂ϕo

∂x

)2

= e−ϕ
o + B, (11)

where the integration constant B is determined by the bound-
ary condition at infinity. Due to the absence of large ions in

the outer space, one expects the potential to go to infinity as
|x| → ∞. We seek for a solution verifying also ∂xϕ(x → ∞)
= 0, i.e., B = 0.

In this case, integration of Eq. (11) gives

ϕo(x) = 2 ln

[
eϕ

s
/2 + κo√

2

(
x − h

2

)]
. (12)

Let us remark that the large x behavior, ϕo(x) � ln (x) (note the
similarity with the classical Gouy-Chapman theory of charged
surfaces in a salt-free solvent37), does indeed verify ∂xϕ(x
→ ∞) � x−1 → 0.

Similarly, Eq. (7) can be integrated once by using ∂xϕ(x
= 0) = 0 to give

1

2κ2
o

(
∂ϕi

∂x

)2

= e−ϕ
i − 1

Z̃
e−Z̃ϕ

i − γm, (13)

where

γm = pm/kBT c0 = e−ϕ
m − 1

Z̃
e−Z̃ϕ

m (14)

is the normalized osmotic pressure in the middle of the gap,
expressed solely in terms of the mid-plane potential ϕm. Thus,
the expression for ϕi takes the form∫ ϕ

i

ϕ
m

dϕ√
2
(

exp[−ϕ] − 1
Z̃

exp[−Z̃ϕ] − γm

) = −κo x. (15)

The membrane, ϕs, and mid-plane, ϕm, potentials are
then given by the self-consistency equations∫ ϕ

s

ϕ
m

−dϕ√
2
(

exp[−ϕ] − 1
Z̃

exp[−Z̃ϕ] − γm

) = κo

h

2
(16)

and

γm = −e−Z̃ϕ
s

Z̃
. (17)

Note that Eq. (17) is obtained by subtracting Eq. (11)
from Eq. (13) at x = ±h/2 with subsequent using a condi-
tion of the continuity of the electric field across the neutral
membrane.

To obtain ϕs and ϕm Eqs. (16) and (17) should be resolved
numerically at fixed κoh. This allows one to calculate then the
spatial distribution of an electrostatic potential in the system.
The distribution of a potential computed for different κoh is
shown in Fig. 2. All curves are normalized to the correspond-
ing value of ϕs. It can be seen that the potential diverges at
infinity and takes the minimum value at the center of the gap,
and that its value depends strongly on κoh.

We can now compare the distribution of the potential in
the system depending on a separation between membranes
(see Fig. 3). We start by considering an isolated membrane
located at x = 0, which will be a reference system for our
consideration. The potential decays to zero at large positive
x, but logarithmically diverges when x is large and negative.
Obviously, at the membrane surface it takes the value of the
bulk Donnan potential30

ϕs � − ln(1 − Z̃)

Z̃
. (18)
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 0  0.5  1  1.5  2

φ/
φ s

x/h

κoh = 0.3

   1.0

10

FIG. 2. A distribution of a potential at κoh = 0.3, 1, and 10, normalized by
a surface potential, computed within the NLPB theory, Z̃ = −1.

If second membrane is fixed at some finite x, the absolute
value of a potential increases with a decrease in separation
between membranes. The potential shows a minimum at the
midplane, but diverges in the outer regions far from mem-
branes.

Electrostatic potentials, ϕs and ϕm, versus κoh predicted
by the NLPB theory are shown in Fig. 4. This plot illustrates
that ϕs and ϕm diverge at small κoh, which is caused by a
divergence of the integrand in Eq. (16). By using Eq. (17) and
that in this limit ϕs − ϕm � ϕs one can derive

ϕm � ϕs � 2

2Z̃ − 1
ln

(
κoh

2
√

2

)
. (19)

This first-order asymptotic result is included in Fig. 4, and we
see that it is in good agreement with the numerical calcula-
tions. Fig. 4 also shows that ϕs asymptotically approaches the
constant (at fixed Z̃) Donnan potential, given by Eq. (18), and
that ϕm vanishes at large κoh.

By assuming small potentials ϕ � 1 at κoh 	 1, we may
linearize the integrand in Eq. (16) to derive

ϕm � 2ϕs exp

(
−κih

2

)
. (20)

Equation (20) indicates that the midplane potential decays ex-
ponentially with a separation, and that the decay length is
equal to 2κ−1

i . Substituting in Eq. (20) the expression for a

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

−2 −1  0  1  2  3  4

φ

κox

κoh = 2.0

1.0

0.3

FIG. 3. The effect of a distance between membranes on a distribution of a
potential in the system predicted by the NLPB theory, Z̃ = −1. One mem-
brane is located at x = 0. Another membrane is at a distance κoh = 0.3, 1, and
2 (solid curves from top to bottom). Vertical lines show the locations of mem-
branes. Dashed curve corresponds to a situation of an isolated membrane.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0.3  0.5  1  2  3  5

φ m
, φ

s

κoh

NLPB

LPB

FIG. 4. Surface (dashed-dotted curves) and midplane (solid curves) poten-
tials versus κoh computed for Z̃ = −1. Upper curves correspond to NLPB,
and lower curves to LPB theory. Dashed lines show predictions of asymptotic
Eqs. (19) and (20).

surface potential of an isolated membrane, Eq. (18), we get

ϕm � −2 ln(1 − Z̃)

Z̃
exp

(
−κih

2

)
. (21)

A key remark is that the assumption of a small potential used
to derive Eq. (20) is not really justified since the surface po-
tential given by Eq. (18) is not small enough. However, pre-
dictions of Eq. (20) are in excellent agreement with the nu-
merical results as seen in Fig. 4.

An important remark is that although membranes are
neutral one can introduce effective surface charge density (at
the imaginary impermeable solid surface, which mimics the
actual membrane by generating the same distribution of a po-
tential in the inner region)

q

e
= ∂xϕ

4πz�B

= 1

2
√

2π

e−ϕ
s
(h)/2

z�Bκ−1
o

. (22)

Note that in contrast to conventional impermeable solids, the
effective charge density of membranes depends on separation
between them and on the screening length. One can suggest
that if the effective surface charge density becomes high, and
there are high valency ions in the electrolyte solution, charge
correlations and charge fluctuations could become important
and the NLPB approach could fail. The justification of the
NLPB approach in our system of two membranes will be clear
a posteriori, and we will return to this issue below.

Finally, we recall that at low values of the electric poten-
tial, the description of our problem can be simplified by lin-
earization of the Poisson-Boltzmann (LPB) approach, which
is discussed in the Appendix. Theoretical curves calculated
with LPB theory are included in Fig. 4. Except the decay to
zero of the midplane potential at large κoh, which is similar
to ϕm in NLPB, there is a discrepancy between LPB and nu-
merical results for both potentials. The discrepancy is always
in the direction of the smaller potentials than predicted by the
NLPB. In the limit of large κ ih, the surface potential is equal
to a Donnan potential in the LPB theory23

ϕs = 1

1 +
√

1 − Z̃
, (23)

which value differs from the Donnan potential in the NLPB
approach, Eq. (18). For small κ ih LPB theory predicts
ϕs � ϕm � 1, i.e., in contrast to the NLPB theory, the sur-

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

89.249.171.45 On: Sun, 17 Aug 2014 09:48:11



074902-5 S. R. Maduar and O. I. Vinogradova J. Chem. Phys. 141, 074902 (2014)

face and midplane potentials in the LPB approach do not di-
verge. This result is similar to obtained earlier for an isolated
semipermeable shell immersed in electrolyte solutions.31 Al-
together, for our system the LPB theory is very approximate,
but it provides us with some guidance.

B. Computer simulation

In order to assess the validity of the above NLPB mean-
field approach, which ignores correlations and/or finite size
effects that can be important for multivalent ions and large
concentrations, we perform Langevin dynamics simulations.

In our simulations, we used Ly, Lz ≥ 150σ LJ, and Lx was

always larger than � 30κ−1
o . With our parameters we were

able to vary the outer screening length in the interval of κ−1
o

� (20 − 50)σ .
Initial positions of ions were set randomly in the gap be-

tween membranes. During the equilibration step small ions
leak out to the outer space. After the equilibrium was reached
we measured ion concentration profiles. Since in our simula-
tion setup the bulk reservoir with an electrolyte solution was
absent, we evaluated C0, c0 a posteriori from measured local
concentrations of ions by using the Boltzmann distribution,
Eq. (1).

The detailed comparison between the simulation results
and the NLPB theory is then shown in Fig. 5. It can be seen
that a quantitative agreement is reached even for this exam-
ple simulations with multivalent ions, Z̃ = −3. We have per-
formed similar calculations for several c0 in the range (10−4

− 10−3)σ−3, which for water systems would correspond to
c0 varying from 3 × 10−5 to 5 × 10−3 mol/l. In all cases,
we found an excellent agreement with the NLPB predictions,
suggesting that in this range of parameters the mean-field the-
ory can safely be used.

For charged impermeable surfaces with the charge den-
sity, q, the NLPB approach is violated in the strong-
coupling regime,38–40 where the so-called electrostatic cou-

pling parameter,41, 42 � = 2π |Z|3�2
B

∣∣∣q
e

∣∣∣ is large enough. For

all separations between our membranes � ≤ 2. By using the
criteria proposed earlier for counter-ions near a single charged
surface,40 we can conclude that with our concentrations and
valency of counter-ions the correlations in the outer solutions

 0
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 1.5
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 4

-1 -0.5  0  0.5  1

C
/C

0 
, c

/c
0

 x/h 

cm/c0 = 0.9

Cm/C0 = 1.3

κoh = 2.2

FIG. 5. Simulated concentration profiles of large and small ions (symbols)
and results of the NLPB theory (dashed curves). Parameters are Z̃ = −3, κoh
= 2.22.
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FIG. 6. Typical distribution of a potential calculated from simulated small
(circles) and large (rectangles) ion concentration profiles, κ

o
h = 2.22;

Z̃ = −3. Dashed curve shows results of a numerical solution of NLPB
equations.

are generally impossible. The same conclusion is true for an
inner solution. Note that in the inner solution deviations from
the NLPB can also appear due to a formation of ionic pairs,43

which is also negligibly small with our concentrations.
Electrostatic potential was then deduced from measured

concentration profiles by using Boltzmann distributions,
Eq. (1), and results were again validated by comparison with
theoretical NLPB predictions. The data presented in Fig. 5
are therefore now used in Fig. 6 to plot the distribution of a
potential in our system. A key remark is that a potential cal-
culated by using concentration profiles of small and large ions
coincide, confirming the validity of our approach.

IV. PRESSURE

In this section, we consider the relationship between os-
motic (and relevant disjoining) pressure and parameters of the
system, such as a separation between membranes, and param-
eters of an electrolyte solution.

A. Nonlinear theory

We first write the force balance in the inner and outer
regions

−∇p + ρcE = 0 (24)

with p, an osmotic pressure, ρc the charge density, and
E = −∂xφ the local electric field. Using the Boltzmann ex-
pressions for the charge densities in terms of the local elec-
trostatic potentials allows to integrate this equation once.

In the inner region, this leads to

pi(x) = kBT c(x) + kBT C(x) + p0 (25)

with p0 a constant.
In the outer space, one gets

po(x) = kBT c(x) + p∞ (26)

with p∞ the value of the pressure at infinity.
At the membrane, there is a pressure drop proportional to

the difference of large ions concentration on the two sides of
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FIG. 7. Disjoining pressure versus κoh computed for monovalent ions,
Z̃ = −1. Solid curves correspond to calculations with NLPB and LPB the-
ories. Symbols show simulation results for two different concentrations of
small ions in bulk electrolyte solution. Dashed lines are calculations with
asymptotic formulae, Eqs. (32) and (31). Dashed-dotted curve shows a LPB
solution obtained by substitution of the NLPB membrane potential, Eq. (18).

the membrane, i.e.,

�p = pi

(
h

2

+)
− po

(
h

2

−)
= kBT C

(
h

2

−)
. (27)

This imposes p0 = p∞, the solvent pressure, as expected.
The disjoining pressure, �, is defined as

� = �p − pid, (28)

where pid = kBT(c0 + C0), so that we can express it through
the surface potential

� = kBT C0e
−Z̃ϕ

s − pid, (29)

and then, by using Eq. (17), through the midplane potential

� = kBT c0

{
e−ϕ

m − 1 − 1

Z̃
(e−Z̃ϕ

m − 1)

}
. (30)

Fig. 7 includes theoretical curves calculated with
Eq. (30), by using NLPB values of ϕs and ϕm. By using
Eqs. (19) and (20) one can also construct asymptotic expres-
sions.

For large κoh the disjoining pressure decays exponen-
tially

� � 2kT c0(1 − Z̃)ϕ2
s exp(−κih), (31)

where (constant) ϕs is given by Eq. (18). Similar asymp-
totic decay is typical for an interaction of two charged
impermeable44 and ion-permeable porous45 surfaces. Note
that some prior work21 predicted a power-law divergence of
� at large distances, which is likely the consequence of an
unrealistic initial assumption that all counter-ions leave the
confined volume.

In the limit of small κoh, Eq. (30) can be simplified to
� � kBT C0e

−Z̃ϕ
m . By using Eq. (19) we then get

� � kBT C0

(κoh)α
, (32)

with an exponent α = 2Z̃

2Z̃−1
, which depends only on Z̃ and

takes values from 2/3 (at Z̃ = −1) to � 1 (for polyions). This
conclusion generalizes earlier results on a power-law decay
of a disjoining pressure obtained for charged impermeable
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FIG. 8. The disjoining pressure versus κoh calculated by using NLPB ap-
proach. Solid lines from top to bottom correspond to Z̃ = −1,−3, and −5.
Symbols show simulation data.

surfaces46 and neutral uncharged membranes.30 These include
a repulsion of strongly charged surfaces47, 48 (Gouy-Chapman
regime) and membranes in contact with bulk solutions sep-
arated by a thin film of salt-free liquid,30 where a disjoin-
ing pressure decays as � ∝ h−2. An interaction of weakly
charged surfaces in the so-called ideal gas regime scales as
� ∝ h−1.37, 48

Fig. 7 also includes the theoretical curves calculated
within LPB theory (see the Appendix). We see that LPB the-
ory significantly underestimates the value of �. Note however
that by using the bulk NLPB Donnan potential, Eq. (18), in-
stead of Eq. (23), to calculate LPB disjoining pressure, we
obtain a good agreement between LPB and NLPB results for
large κoh. So, in this regime the discrepancy is obviously only
due to different values of Donnan potentials in the NLPB and
LPB theories.

Finally, we consider in this paragraph the effect of multi-
valent ions on a disjoining pressure. For our system, they are
expected to influence screening lengths, as well as to decrease
the surface and midplane potentials. Fig. 8 includes theoreti-
cal curves for � as a function of κoh calculated for different
Z̃ by using NLPB theory. It can be seen that the increase in
the absolute value of Z̃ reduces the range and strength of the
repulsive interaction between membranes.

B. Comparison with computer simulations

Using computer simulations we can now verify the above
expressions for a disjoining pressure following the earlier de-
veloped approach.30 Briefly, pressure has been evaluated via
integration of the LJ force of cations, acting on the membrane
walls

F (x) = 4ε

(
12σ 12(

x − h
2

)13 − 6σ 6(
x − h

2

)7

)
, (33)

which gives the pressure drop at the membrane

�p =
∫ h+21/6σ

h/2
C(x)F (x)dx. (34)

The latter was averaged over more than 50 000 independent
simulations during 5 × 106τ , where τ = σ

√
m/ε is the char-

acteristic time scale in our system. Using measured values of
C0, c0 and Eq. (28) we then calculated the disjoining pressure
in computer simulation.
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We have simulated the disjoining pressure at different
κoh and included results in Fig. 7 for comparison with theoret-
ical predictions. A general conclusion is that the predictions
of the NLPB theory, including asymptotic results, in Sec. III
are in excellent agreement with simulation data. Altogether
the simulation results do confirm the mean-field predictions
with our concentrations of ions. So there is no indication of
an attractive force that could appear in case of more concen-
trated solutions of multivalent ions.31, 42, 49

V. CONCLUDING REMARKS

In conclusion, we developed a mean-field theory of elec-
trostatic interactions of two semipermeable membranes sep-
arated by a thin film of an aqueous electrolyte solution. The
theory allows to provide explicit analytical expressions for the
disjoining pressure in some asymptotic limits. We have pre-
dicted power-low decay of a disjoining pressure with the sep-
aration between membranes at short distances, and an expo-
nentially decaying disjoining pressure in case of thick gap. We
checked the validity of this approach by Langevin dynamics
simulations. The simulation results show that a nonlinear the-
oretical description remains valid even for multivalent ions.
However, only a qualitative agreement can be obtained by us-
ing the linearized theory.

Finally, we mention that all results found in the present
study for neutral membranes and salt-free outer reservoirs can
be immediately extended for a more complex case of charged
membranes and added salts. As an extension of this study, our
results could also be applied in a different field to explore the
questions of conformations of membrane proteins, ionic chan-
nels, signalling between cells caused by changes in membrane
potentials due to various interactions.50, 51
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APPENDIX: LINEARIZED THEORY

Here, we propose a simpler description, which is possible
in the limit of small potentials, where Eqs. (7) and (8) can be
linearized (LPB)

∂2φi(x)

∂x2
� κ2

i ϕi, (A1)

∂2φo(x)

∂x2
� κ2

o (ϕo − 1). (A2)

The inner and outer solutions are then

ϕi(x) � cosh(κix)

cosh(κih/2)
ϕs, (A3)

ϕo(x) � 1 + (ϕs − 1)eκ
o
(h/2−x), (A4)

with

ϕs � 1

1 +
√

1 − Z̃ tanh
(
κih/2

) . (A5)

The midplane and surface potentials are related by simple
formula

ϕm � ϕs

cosh(κih/2)
. (A6)

Coming back to the LPB approach a similar analysis
based on a solution of Eq. (24) together with Eqs. (A1) and
(A2) gives

�p � pid + kT c0

{
ϕs − Z̃ϕ2

s

2
− 1

2

}
, (A7)

so that for the disjoining pressure we get

� � kT c0

{
ϕs − Z̃ϕ2

s

2
− 1

2

}
. (A8)

We emphasize that despite an original assumption of poten-
tials, which are small enough to take their linear contribution
to the ion distribution in the system, Eq. (A8) is nonlinear and
contains the quadratic ϕs-term to provide a self-consistency
of the LPB theory. A discussion of physical ideas underlying
routes to calculate the pressure in the LPB can be found in
Refs. 20 and 23.

Equation (A8) can be rewritten as

� = kT c0
(1 − Z̃)ϕ2

m

2
, (A9)

where ϕm is given by Eq. (A6).
At κoh 	 1 we can derive the same (exponential) asymp-

totics as in the NLPB theory, Eq. (31), but now (constant) ϕs
is given by Eq. (A5). At κoh � 1, ϕs � ϕm � 1, and we get

� � kT c0
2(1 − Z̃)(

2 + κoh(1 − Z̃)
)2 , (A10)

i.e., we predicted a power-law decay, and finite �

� kT c0(1 − Z̃)/2 at a contact.
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