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Aligned superhydrophobic surfaces with the same texture orientation reduce drag in the channel and generate
secondary flows transverse to the direction of the applied pressure gradient. Here we show that a transverse shear
can be easily generated by using superhydrophobic channels with misaligned textured surfaces. We propose a
general theoretical approach to quantify this transverse flow by introducing the concept of an effective shear
tensor. To illustrate its use, we present approximate theoretical solutions and Dissipative Particle Dynamics
simulations for striped superhydrophobic channels. Our results demonstrate that the transverse shear leads to
complex flow patterns, which provide a new mechanism of a passive vertical mixing at the scale of a texture
period. Depending on the value of Reynolds number two different scenarios occur. At relatively low Reynolds
number the flow represents a transverse shear superimposed with two corotating vortices. For larger Reynolds
number these vortices become isolated, by suppressing fluid transport in the transverse direction.
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I. INTRODUCTION

Superhydrophobic (SH) textures have raised a considerable
interest and motivated numerous studies during the past decade
[1,2]. Such surfaces in the Cassie state, i.e., where the texture
is filled with gas, are extremely important in the context
of fluid dynamics due to their superlubricating potential
[3–5]. The use of highly anisotropic SH textures provides
additional possibilities for flow manipulation. The effective
hydrodynamic slip of such surfaces, beff , is generally tensorial
[6–9] due to secondary flows transverse to the direction
of the applied pressure gradient [10,11]. This can be used
to separate particles [12] and enhance mixing rate [13] in
low-Reynolds-numbers flows typical for microfluidic devices.
Over the past decade, the quantitative understanding of liquid
flow in SH channels with anisotropic walls was significantly
expanded. However, many fundamental issues still remain
challenging.
According to the modern concept of effective slip, beff
is a global characteristic of a channel [5], which can be
applied for arbitrary channel thickness [9]. This implies that
the eigenvalues depend not only on the parameters of the
heterogeneous surfaces (such as local slip lengths, fractions
of phases, and the texture period L), but also on the channel
thickness H . However, for a thick (compared to L) channel
they become a characteristic of a heterogeneous interface
solely [3,7,14].
Most of the prior work has focused on the optimization of
the (forward) effective slip and calculations of the eigenvalues
of the effective slip-length tensor for a single one-dimensional
interface [15–19] and channels with aligned walls [8,20]
or one hydrophilic (no-slip) wall [8,9]. The eigenvalues
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of beff correspond to the directions of fastest and lowest
effective slip. In these directions, a pressure gradient does
not produce transverse flows. In other directions, however, a
flow may become misaligned with the force, and transverse
hydrodynamic flow can be generated. This phenomenon was
also discussed only for a single interface [5,7], for channels
with symmetrically aligned stripes [10,20] or with one no-slip
wall [10,21].
In the present paper, we show that any misalignment of
textured and anisotropic walls necessarily leads to a generation
of shear flow in the transverse direction, which has not been
appreciated in previous work [7]. The transverse shear, in turn,
generates complex flow structures at the scale of the texture
period. We show that at low, but finite, Reynolds numbers
(Re) of the channel, a transverse shear is superimposed
with two corotating vortices. At larger Re, these vortices
become isolated, by suppressing a transverse shear. Such flow
structures lead to a global vertical mixing of fluids, which does
not rely on the presence of confining side walls.
II. MODEL

We consider the pressure-driven flow between two parallel
stationary (passive) SH walls separated by the distance H and
decorated with identical anisotropic textures of a period L,
and width of the gas area δ, so that the fraction of the slipping
area is φ = δ/L. The lower and the upper wall textures are
misaligned by an angle 0  2α  π/2. The flow is periodic
with a rectangular unit cell as depicted in Fig. 1. We place the
origin of the (x,y,z) coordinate system at the center of the cell,
in the midplane, with the z axis perpendicular to the walls.
We assume the gas interface to be flat with no meniscus
curvature. Such an idealized situation, which neglects an
additional mechanism for a dissipation due to a meniscus, has
been considered in most previous publications [11,18,22]. It
has been shown theoretically [18,23] that a low curvature of the
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FIG. 1. (Color online) (a) Rendering of two identical misaligned
superhydrophobic walls decorated with no-slip (white) and partialslip (colored) stripes. (b) Top view of a periodic rectangular unit
cell.

FIG. 2. (Color online) Sketch of an mean velocity profile u (z)
given by Eq. (1). A uniform −∇P is applied in the x direction.

volume V :
meniscus expected for relatively dense textures cannot reduce
the effective slippage in the Stokes regime (but note that there
are still some remaining controversies in the experimental data
[24,25]). The quantitative understanding of whether and how
such curvature effects could modify effective slip lengths in
the case of finite Re is still challenging. This subject, which
remains largely unexplored, is beyond the scope of the present
work and deserves a separate study.
We finally impose no-slip at the solid area, i.e., neglect
local slippage of liquid [26–28] and gas [29] past hydrophobic
solid surface, which is justified provided the nanometric slip
is small compared to parameters of the texture. Prior work
often assumed idealized shear-free boundary conditions over
the gas sectors [22,30,31], so that the viscous dissipation
in the underlying gas phase has been neglected. Here we
will use the partial slip boundary conditions, which are the
consequences of the “gas cushion model” [32,33].
III. THEORY OF TRANSVERSE SHEAR

To address effective (“macroscopic”) properties of the
channel we evaluate the mean velocity profile of the Stokes
flow (Re  1), averaged over the periodic cell in x,y. Due to
the linearity of the Stokes equations, it is sufficient to consider
only the flow in eigendirections of the texture. Let us first
consider a pressure-driven flow with −∇P aligned with the
x axis (θ = 0). If −∇P is aligned with the y axis, the flow
can then be obtained by simply replacing α by π/2 − α. The
symmetry of the problem implies that the x component of
the mean velocity is symmetric in z and its y component
is antisymmetric. For the Stokes flow the mean velocity
profile is scaled by U0 = −H 2 ∇P / (2μ) and has the following
form:


u(z) = 14 − z2 ex + usx ex + γyx zey ,
(1)
where coordinates are scaled by H , usx is the slip velocity in
the x direction and γyx is the transverse shear rate. Therefore,
the first term represents the conventional Poiseuille flow, the
second term is a slip-driven (forward) plug flow, and the
last term is a linear shear flow in the transverse direction.
The laminar flow in the channel is a linear superposition
of these three terms as shown in Fig. 2. Equation (1) can
therefore be seen as a generalization of an earlier idea,
formulated for a thick channel [7], to an arbitrary channel
situation.
To quantify the effective properties of the channel, we
now introduce the flow and shear rates averaged over the cell

1
Q=
V
1
G=
V



H2
k · ∇P ,
12μ

(2)

H
∂uτ
dV = − γ · ∇P ,
∂z
2μ

(3)

uτ dV = −


where uτ = (ux ,uy ) is the tangential velocity. The (dimensionless) effective permeability, k, and shear, γ , tensors can then
be found by solving a local problem in the channel.
Let us note that Eq. (1) and the symmetry conditions imply
that the k and γ tensors are


0
k (α)
,
(4)
k = xx
0
kyy (α)
where kxx = 1 + 6usx and

0
γ =
γyx (α)


γxy (α)
.
0

(5)

Thus, our coordinate system diagonalizes the permeability
tensor. Also, due to the symmetry of the periodic cell, kyy (α) =
kxx (π/2 − α) and γxy (α) = γyx (π/2 − α).
To calculate usx (α) and γyx (α) we have to solve the Stokes
equations on the periodic cell with spatially varying local slip
lengths. The flow can be treated as a superposition of two
solutions for a configuration with one SH and one hydrophilic
wall, which is justified provided the thickness of the channel is
large enough (see Appendix). This simplification allows us to
obtain explicit formulas for the mean slip and the shear tensor:
usx (α) =

β+ + β− cos(2α) + 2(β+2 − β−2 )
,
1 + 2β+ − 2β− cos(2α)

γyx (α) = −


2β− sin(2α)
,
1 + 2β+ − 2β− cos(2α)

(6)
(7)



⊥
⊥
where β+ = (beff + beff
)/(2H ), β− = (beff − beff
)/(2H ). The
effective slip tensor beff here corresponds to a configuration
with one SH wall.
The misalignment of the upper and the lower textures leads
to a “macroscopic” anisotropy of the flow, i.e., the effective
permeability depends on the direction of the pressure gradient,
and a secondary transverse flow is generated. To study this
effect, we now apply −∇P at an angle 0  θ  π/2 to the x
axis. For the forward and transverse flow rate we then obtain,
using the tensorial formalism [7],
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QT /Q0 = (kxx − kyy ) cos θ sin θ,
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|H
where Q0 = |∇P
corresponds to the Poiseuille flow in a
12μ
channel with hydrophilic walls. Note that QT vanishes when
θ = 0 or when stripes are crossed at a right angle, 2α = π/2.
These special configurations, therefore, are equivalent to
channels with impermeable side walls.
Similarly, for the mean forward and transverse shear rates
we get

We use a body force ranging from f = 0.004ε/σ to 0.04ε/σ ,
where ε sets the energy scale. These values of f provide
flows with Reynolds numbers varying from Re = 2.8 to
Re = 28. All
√ simulations were performed with a time step
t = 0.01 m/εσ , where m is the mass of DPD particles,
and the temperature of the system was set at ε = kB√T . The
DPD interaction parameter is chosen at γDPD = 5.0 mε/σ
and the cutoff is 1.0
√ σ . The shear viscosity is measured to be
μs = 1.35 ± 0.01 mε/σ 2 .
Mean fluxes and shear rates are calculated by averaging
the simulation data over the periodic cell. The fluid velocity
field obtained in simulations is used to compute a family of
streamlines from the beginning to the end of the cell. These
streamlines are then used to construct the vector field of fluid
displacements over one texture period. Finally, to visualize the
fluid mixing we define a dense uniform grid in the channel
cross-section at a distance of N periods from the inlet, and for
each point of this grid we then calculate backward streamlines
to determine its initial position.
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In order to assess the validity of the above theoretical
approach at the relatively low Re regime and to explore
what happens when Re is larger, we employ the dissipative
particle dynamics (DPD) simulations [34,35] carried out using
the open source package ESPResSo [36]. Specifically, we
use DPD as a Navier-Stokes solver based on a fluid of
noninteracting particles [16] and combine that with a tunableslip method [37] that allows one to vary the local slip length
[16,20,38].
Note that for misaligned stripes the simulation box depends
on 2α due to the periodic boundary conditions in the x
and y directions (see Fig. 1). The three dimensions of the
simulation box are (L/ sin α,L/ cos α,H + 2σ ), where σ sets
the length scale. The extra 2σ in z direction accounts for
the depletion due to the excluded volume interaction of the
impermeable surfaces. In the present study, we have used
L = 20 σ , and H /L = 1 or 0.5. All simulations have been
performed for textures with the fraction of gas phase φ = 0.5,
where the Cassie state is typically stable. The local slip length
on the slippery area was chosen to be b/L = 10, which is
close to the maximum attainable local slip length at the gas
area, b/L  16φ [33], in the case of deep textures, where again
the Cassie state is very stable.
With a fluid density ρ = 3.75 σ −3 , a typical system consists of 0.6–1.2 × 105 particles. The simulation starts with
randomly distributed particles. The pressure-driven flow is
modeled by applying to all particles an external force in the
x direction. The system is allowed to reach a steady state
after 106 time steps; then the measurement is performed by
averaging over 105 time steps to obtain sufficient statistics.

We first run a set of simulations at Re = 2.8 in channels
with different misalignment angles 2α, and H /L = 1 and 0.5.
The simulation results are shown in Fig. 3. Also included
are the forward fluxes and transverse shear rates calculated
using Eqs. (8) and (9). A general conclusion is that the theoretical predictions are in excellent agreement with simulation
results for H /L = 1 [Figs. 3(a) and 3(b)]. Even for thinner
channels, H /L = 0.5 [Figs. 3(c) and 3(d)], where the theory
slightly underestimates the permeability and overestimates
the transverse shear, which is likely due to simplifications
made (see Sec. III and Appendix), the agreement is quite
good. Figure 3 shows that the flow rates QF become maximal
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IV. SIMULATIONS AND DATA ANALYSIS

V. RESULTS AND DISCUSSION

G /G

|H
where G0 = UH0 = |∇P
is a characteristic shear rate for a
2μ
hydrophilic channel. It follows from Eq. (9) that the forward
shear rate, GF , vanishes when θ = 0 or when γxy = −γyx ,
but the transverse shear rate, GT , becomes zero only at θ =
±[arctan(γxy /γyx )]1/2 . However, this does not imply that the
shear tensor can be diagonalized by a proper rotation of the
coordinate system, since the two directions are not orthogonal
in the general case.
To illustrate this general approach we focus below on
specific case of SH surfaces consisting of periodic stripes,
where the piecewise constant local slip lengths of (identical)
textured walls vary in only one direction. In this case the k
and γ tensors have been found using the numerical solutions
of the Stokes equations [21] (see Appendix for details), and
the eigenvalues of the slip-length tensor correspond to those
calculated before [9].

0

(9)

F

GT /G0 = γyx cos2 θ − γxy sin2 θ,

Q /Q

GF /G0 = −(γxy + γyx ) sin θ cos θ,
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FIG. 3. Forward flow rate (a, c) and transverse shear rate (b, d) as a
function of θ computed with b/L = 10. The thickness of the channel,
H, is equal to L (a, b) or L/2 (c, d). Symbols show simulation
results for Re = 2.8 and misalignment angles 2α = π/6 (circles),
π/3 (triangles), and π/2 (squares). Solid curves are theoretical
predictions for Re  1 [Eqs. (8) and (9)].
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FIG. 4. (Color online) Cross-sections (at x = 0) of the velocity
field (uy ,uz ) obtained in the theory (Re  1) and simulations (Re =
2.8). Color map shows the forward velocity ux .

for −∇P aligned with the x axis (θ = 0) and minimal if
it is aligned with the y axis (θ = π/2). These directions
correspond to the largest amplitude of a transverse shear
|GT | at a given 2α. When the lower and upper stripes are
orthogonal (2α = π/2), QF becomes independent on θ , and
we recall that in this case QT = 0 as discussed above. This
orthogonal configuration allows one to reach (at θ = 0 and
π/2) the largest possible amplitude of |GT | that can be attained
in the channel. Therefore, the detailed investigation of flow
and mixing properties below will be restricted to this optimal
configuration with 2α = π/2, θ = 0, and to a thinner channel,
H /L = 0.5.
Now we note that our simulations, performed at small but
finite Re, suggest that the texture misalignment leads to a
complex shape of the flow on the scale of the period of the
texture. In Fig. 4 we have plotted typical theoretical (Re  1)
and simulation (Re = 2.8) cross-sections of the fluid velocity.
A general conclusion from this plot is that the fluid in the upper
part of the channel is driven in the y direction, but in the lower
part it flows in the opposite direction, which is in agreement
with our theoretical predictions of a transverse shear. A
striking result emerging from this plot is that the simulated
velocity field shows in addition a significant z component at
the midplane of the channel, which is likely due to a finite
inertia of the fluid.
To understand the global properties of the simulated
flow, we now focus on its streamlines shown in Fig. 5.
We conclude that indeed, as expected, fluid particles are
displaced in y direction due to a generation of a nonzero mean
shear. However, in addition some small (but nonzero) vertical
displacement is observed, so that they reach different positions
on the yz plane after crossing a unit cell.
An explanation for an emerging flow in z direction, not
predicted by the simple Stokes theory, can be obtained if we
invoke fluid inertia, which is characterized by the value of
Re. To examine its significance in more detail, we construct
a vector field of fluid displacements over one period from
the simulation data obtained at Re = 2.8, 21, and 28. In Fig. 6

FIG. 5. (Color online) Three-dimensional (a), top (b), and front
(c) view of streamlines for the simulated velocity field (Re = 2.8).
Squares indicate initial positions of fluid particles, dots show their
positions at the end of the periodic cell.

FIG. 6. Vector field of fluid displacements over one cell period in
yz plane. The velocity fields are obtained from simplified theory for
Re  1 and simulations for Re = 2.8, 21, and 28.
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FIG. 7. Forward flow rate (a) and transverse shear rate (b) simulated at different Re (filled symbols). Theoretical values calculated
with Eqs. (8) and (9) are shown by open symbols.

we plot these vector fields predicted theoretically and obtained
from the simulations. We see that depending on the value of Re,
different scenarios occur. For Re  1 we observe a mean shear
flow with very small vertical component near the walls. At
Re = 2.8 and 21, vector fields show a different behavior, i.e.,
represent a uniform shear superimposed with two corotating
vortices. Finally, at Re = 28 we detect two isolated vortices
and inhibited transport in y direction.
The impact of Re on forward and transverse flows is
highlighted in Fig. 7. We see that the simulated QF remains
nearly constant. In contrast, the transverse shear rate |GT | is
a relatively weakly decreasing function of Re up to Re  21,
and then decreases abruptly down to a much smaller value at
Re = 28.
Our results have shown that flow in the channel with
misaligned SH walls is much more complicated than the
usual picture. The misalignment results in the generation
of a transverse shear, but perhaps the most interesting and
important aspect is the interplay of this transverse flow with the
finite inertia of the fluid. This leads to a vertical displacement
of a fluid, which could have implication for a vertical mixing
in such a channel. To understand whether these results are
significant for mixing, we mark the upper and lower parts of
the channel by different colors and compute the evolution of
this system over N periods. The representative results for a
displacements are shown in Fig. 8. We see that no vertical
mixing occurs for the Stokes flow. For Re = 21 the mixing
area is located in the center of the channel, but for Re = 28
the whole fluid is mixed.
VI. CONCLUSION

In this paper we have extended the tensorial description
of SH channels developed earlier to configurations with
misaligned textures on bottom and top walls. We prove that
effective properties of such channels are described by the
permeability, k, and the shear rate, γ , tensors, and develop a
simplified theoretical approach, valid for Re  1, to quantify
them. We checked the validity of this approach by DPD
simulations and found that theoretical predictions are in
quantitative agreement with the simulation results obtained
at finite but moderate Re.
Simulations have also shown that at finite Re the flow
generated by this transverse shear provides a basis for a new
mixing mechanism of the fluids in microfluidic devices. Unlike
most classical mixers [4,39,40], where vortices are created
both by large-scale inhomogeneities of patterned walls and by

FIG. 8. (Color online) Displacements of colored fluids over N
periods obtained for several Re. The axis limits (not shown) are the
same as described in the caption of Fig. 6.

the side walls of the channel, in our misaligned configuration
the mixing occurs on the scale of the texture period. It does
not depend on the presence of confining side walls and is,
therefore, insensitive to the cross-sectional aspect ratio of the
channel. We also recall that in microfluidic devices the mixing
is normally controlled by viscous terms, so that the form of
the flow is independent on Re and remains the same up to
Re  100 [41]. In contrast, our vertical mixing is driven by
fluid inertia even at very moderate Re, and becomes more
pronounced with the increase in Re.
Finally, we mention that our results can be immediately
extended to a situation of a channel with a periodically
changing orientation of top and bottom stripes, which could
lead to a chaotic advection [42–44], currently exploited mostly
in the “herringbone”-type mixers [39,41].

ACKNOWLEDGMENTS

This research was partly supported by the Russian Foundation for Basic Research (Grant No. 15-01-03069), the IRSES
project FP7-PEOPLE-2010-IRSES 269139 DCP-PhysBio,
and by the DFG through SFB TRR 146. The simulations
were carried out using computational resources at the John
von Neumann Institute for Computing (NIC Jülich), the High
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APPENDIX: CALCULATION OF PERMEABILITY AND
SHEAR TENSORS

We write the velocity field in the cell u(x,y,z) = (ux ,uy ,uz )
in the form
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u = u + u1 + u2 .
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Here u1 , u2 are perturbations with zero mean over the cell
volume due to heterogeneous slippage at the lower and upper
walls, respectively.
Since the problem is linear, we can formulate the boundary
conditions for u1 , u2 at the lower wall as
z=−
uτ 1 − b1

1
:
2

u2 = 0,

uz1 = 0,

γyx
∂uτ 1
= −usx ex +
ey
∂z
2


∂uτ 2
,
+b1 ex + γyx ey +
∂z

y

FIG. 10. (Color online) Coordinate system (ξ,η), associated with
the lower wall; see Eq. (A5).

(A2)

and perpendicular to the stripes (see Fig. 10) are
ex = eξ cos α − eη sin α,

and at the upper wall as
z=
uτ 2 − b2

ey = eξ sin α + eη cos α.
1
:
2

u1 = 0,

uz2 = 0,

γyx
∂uτ 2
= −usx ex −
ey
∂z
2


∂uτ 1
, (A3)
+b2 −ex + γyx ey +
∂z

where b1,2 (x,y) are the local slip lengths on the lower and the
upper wall, respectively.
The perturbations decay at a distance from the wall of the
order of L. For this reason, in the case of a sufficiently thick
channel we can expect that the disturbance gradients at the
opposite walls are small:




 ∂ u 
 ∂uτ 1 
1



,

z=− : 
2
∂z 
∂z 




(A4)
 ∂ u 
 ∂uτ 2 
1




z= : 

.
2
∂z 
∂z 
Then the solution is the superposition of two flows in
a channel with SH and no-slip walls. These flows can be
calculated numerically [21]. The validity of the assumption,
Eq. (A4), is verified by evaluating the disturbance gradients
induced by a SH wall on a no-slip wall. The gradients are
small compared to the wall gradient for the Poiseuille flow,
|∂ u /∂z| = 2, at H /L > 0.5 (see Fig. 9).
Consider now the flow induced by the undisturbed shear
rate ex + γyx ey at the bottom wall. Projections of the unit
vectors to the (ξ,η) coordinate system with the axes parallel

It follows from Eqs. (A3) and (A5) that at z = −1/2 the
mean slip velocity and the shear rate are

γyx
uτ  = usx cos α −
sin α eξ
2

γyx
cos α eη ,
− usx sin α +
(A6)
2
∂uτ
= (cos α + γyx sin α)eξ − (sin α − γyx cos α)eη .
∂z
From Eq. (A6) we have

usx cos α − 2yx sin α
beff
=
,
H
cos α + γyx sin α
γ

usx (α) =

τ

du /dz

1

0.6

0.8

1

H/L

FIG. 9. Maximal values of the velocity disturbance gradient at
the opposite walls for b/L = 10, φ = δ/L = 1/2, 2α = π/2 against
the channel thickness. Solid curve shows ∂u∂zx1 , dashed curve plots
at z = 1/2.

2β− sin(2α)
,
1 + 2β+ − 2β− cos(2α)



0.5

∂uy1
∂z

β+ + β− cos(2α) + 2(β+2 − β−2 )
,
1 + 2β+ − 2β− cos(2α)

(A9)

(A10)



⊥
⊥
)/(2H ), β− = (beff − beff
)/(2H ).
where β+ = (beff + beff
The flow in the transverse direction can be obtained by
replacing x by y and α by π/2 − α. Therefore, we readily
obtain the permeability tensor,


0
1 + 6usx (α)
,
(A11)
k=
0
1 + 6usx (π/2 − α)

1.5

0.4

(A8)

Here the components of the effective slip length tensor beff
correspond to the usual configuration with SH and no-slip
walls [9]. Thus, we obtain from Eqs. (A7) and (A8)

γyx (α) = −

0.2

(A7)

γ

⊥
usx sin α + 2yx cos α
beff
=
.
H
sin α − γyx cos α

2

0
0

(A5)

and the shear tensor,

γ =

033020-6

0
γyx (α)


γyx (π/2 − α)
.
0

(A12)
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Stone, and G. M. Whitesides, Science 295, 647 (2002).
[42] S. Wiggins and J. M. Ottino, Phil. Trans. R. Soc. A 3 362, 937
(2004).
[43] H. Aref, J. Fluid Mech. 143, 1 (1984).
[44] M. A. Stremler, F. R. Haselton, and H. Aref, Phil. Trans. R. Soc.
Lond. A 362, 1019 (2004).

033020-7

